Multilayer Perceptron
and

Non-linear Regression Models

Cesar Acosta, PhD.



OVERVIEW

* Neural Network defined

* Multilayer perceptron (MLP)

* Activation functions

* Neural Network as a NL regression model
 Examples

Cesar Acosta Ph.D.




NEURAL NETWORK

* The neural network is a class of machine learning model that uses
stacked layers of connected nodes to learn high-level representations
from the data

* It usually contains a large number of parameters

* The number of parameters in the model is usually more than the data
available (therefore it is called an overparameterized model)
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MULTILAYER PERCEPTRON



MULTILAYER PERCEPTRON

» There are many different types of neural networks

* One way to show these types is to classify the neural networks by
their architecture

» The basic architecture is the fully connected multiple layer neural
network (also called Densely connected neural network)

« It is called the perceptron if it does not have hidden layers

« If the perceptron is supplemented with hidden layers it becomes the
multilayer perceptron (MLP)
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14.1.6 DENSELY CONNECTED NEURAL NETWORK
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PERCEPTRON

« The Densely connected
neural network is called the
perceptron if it does not
have hidden layers

« If the perceptron is
supplemented with hidden
layers it becomes the
multilayer perceptron
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ACTIVATION FUNCTIONS

e Activation functions are used to make the neural network a nonlinear
model

« A nonlinear model is more flexible to adjust to different patterns
* There exist many different activation functions
* The best activation functions for typical ML problems are well known

 For new ML problems, data scientist experiment with new activations
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ACTIVATION FUNCTIONS

Logistic _ 1 L
(sigmoid) $(2)= 1+ ez e -
Hyperbolic R 0/—
Tangent P(z)= = :Z
(tanh) e’ +e” __/|

0 z<0
RelLU P(z)=
(Rectified z 2z z

Linear Unit)



NONLINEAR REGRESSION MODELS



NON LINEAR REGRESSION MODELS

* Aregression model that
Is nonlinear in the
parameters, for example

Y = by + by X, + bs X2

* where X, is categorical
(two categories A and B)
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NEURAL NETWORK
AS A
NONLINEAR REGRESSION MODEL



LINEAR REGRESSION MODEL

predictors
(input variables)

Yi = Bo+Bi X+ -+ Bp1 Xip-1 + €

E[Y] = BO_*_IBIXI +"'+ﬁp—lX1)—l

output
variable

* Nodes represent variables

* Arcs represent regression parameters
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ONE HIDDEN LAYER NEURAL NETWORK

input layer

weights

weights
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SINGLE HIDDEN LAYER NEURAL NETWORK

derived

- i variabl
regression model ariables

E[Y;] == ,6)() + ﬁl Hi.l + & saap ,[))Ill—l Hi.m—l

weights
input variables

weights

Hij = ajo+oajXa +--+ajp-1 Xipa

output
variable

pxm m
parameters parameters f§




SINGLE HIDDEN LAYER NEURAL NETWORK

With no activation function
ElY:] = Bo+ P Hi +-++ Bm-1 Him-

Hij = ajo+oajXa +--+ajp-1 Xipa

replacing H;; into the first expression and rearranging

m—1 m—1 m—1
E[Y,] =  [Bo+ Z SJ'QJ‘() + Z Bj()zﬂ Xa + ...+ Z ‘Bjaj.p—l X,'.p_l
g=1 1=1 7=1

m—1 m—1 m—1
ElY;] = [30 I Z i5’j(l'jo] 3 [Z ﬂj(Yﬂ] X+ + [Z ‘3jaj.])l] Xip-1
j=1 j=1 J=1

ElY;] = Bo £ B Xa+--+t Bpor  Xip-

thus, the model with no activation function is a linear regression model Cesar Acosta Ph.D.




SINGLE HIDDEN LAYER NEURAL NETWORK

With activation functions gy () and g( )
E[Y;] = gy(ﬂn + 31 Hil + -+ ‘3m—1 Hi.m—l)

H; = glajot+onXa+:-+ajp1 Xip1)

replacing H;; into the first expression and rearranging
ElY] = gy(Bo+
Bi gl +an Xy +--+ayp, Xip1)+

Ba ) (0520 + a9 X1 +---+ Qg p—1 Xi,p—l) 4+

,Bm—l g (a’m—l,() i Amp—11 Xil TAEE L Ofm—l,p—l Xi.p—l))
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SINGLE HIDDEN LAYER NEURAL NETWORK

With activation functions gy () and g( )
ElYi]] = gv(Bo+ /1 Hia + -+ Bm-1 Him—1)
H; = glajot+onXa+:-+ajp1 Xip1)

replacing H;; into the first expression and rearranging

E[YL] = Gy

m—1
B+ By (Xfaj)]
1
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SINGLE HIDDEN LAYER NEURAL NETWORK

With activation functions gy () and g( )
E[Y;] = gy(ﬂn + 31 Hil + -+ ‘3m—1 Hi.m—l)

H; = glajot+onXa+:-+ajp1 Xip1)

replacing H;; into the first expression and rearranging

m—1
ElY]] = gy |Bo+ Z B; q(Xfaj)]
j—1
e e : 1 -1
if activation functions are ¢(z) = =t 14 e7"]
()‘_JT
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SINGLE HIDDEN LAYER NEURAL NETWORK

With activation functions gy () and g( )
E[Y;] = gy(ﬂn + 31 Hil + -+ ‘3m—1 Hi.m—l)

H; = glajot+onXa+:-+ajp1 Xip1)

replacing H;; into the first expression and rearranging

m—1
ElYY] = gy |Bo+ Z B; q(Xfaj)]
j—1
if activation functions are ¢(z) = L [1+e]!
: 1_+_ e~
m—1 =1
ElY;] = |1+exp|—f— Z B; [1 + (3Xp(—X,f(yj)]1] ]
J'_

thus, the NN model is a nonlinear regression model
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LINEAR REGRESSION MODEL - LOSS FUNCTION

predictors
(input variables)

Yi = Bo+Bi X+ -+ Bp1 Xip-1 + €

E[Y] = BO_*_IBIXI +"'+ﬁp—lX1)—l

Minimize the loss function to find the weights £,.., 5,

n

Min Loss = Z(‘.‘//—!]i)2

J’().....jl,

output
variable

Min Loss = Z(y, —(Bo+B1Xe +---+Bp X,,))2

J’(]...,.zf,, P

Cesar Acosta Ph.D.




LINEAR REGRESSION MODEL - LOSS FUNCTION

Yi = Bo+Bi X+ -+ Bp1 Xip-1 + €

E[Y] = BO_*_IBIXI +"'+ﬁp—lX1)—l

Minimize the loss function to find the weights £,.., 5,

n

Mir Loss = Z(yi — ;0,')2

j().....dl,

l\Iil(l Loss = Z(yi —Bo+bH X1+ + B X[;))Q

=1
n p—1
3Mir§ Loss = Z(y,- — )2+ A Z 32 to avoid overfitting
D0 seees L P i=1 P
penalty
term

predictors
(input variables)

output
variable
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SINGLE HIDDEN LAYER NEURAL NETWORK — LOSS FUNCTION

With activation functions gy () and g( )
E[Y;] = gy(ﬂn + 31 Hil + -+ ‘3m—1 Hi.m—l)

H; = glajot+onXa+:-+ajp1 Xip1)

Minimize the loss function to find the weights ay,..,@mp, B1,--» B

n

Min Loss = s )
n > (i — )

B0ye-es p P
m—1
. ﬁﬁzzsjg(x;aj)]
j—1

pxm
parameters a Cesar Acosta Ph.D.




SINGLE HIDDEN LAYER NEURAL NETWORK — LOSS FUNCTION

With activation functions gy () and g( )
E[Y;] = gy(ﬂn + 31 Hil + -+ ‘3m—1 Hi.m—l)

H; = glajot+onXa+:-+ajp1 Xip1)

Minimize the loss function to find the weights ay,..,@mp, B1,--» B

n

Min Loss = s )
n > (i — )

1=1
m—1
P PR <x:aj>]
j—1
or use a loss with regularization to avoid overfitting
n m—1 m—1 p—1

Min Loss = i — G2+ A S X o
Bos---Bp ;(y Y ) Lz:; /81 Lz:; ; ij

pxm
parameters a
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SINGLE HIDDEN LAYER NEURAL NETWORK

With activation functions gy () and g( )
ElYi]] = gv(Bo+ /1 Hia + -+ Bm-1 Him—1)
H; = glajot+onXa+:-+ajp1 Xip1)

Minimize the loss function to find the weights ay,..,@mp, B1,--» B

n m—1 m—1 p—1
Min Loss = i — )2+ A AP %

* Itis not simple to find the global minimum of this function
* NN models use gradient descent to minimize this function
* This is an iterative process with many steps.
* At each step the algorithm adjusts the weights to a direction
that mostly reduces the current loss (the gradient vector direction)
* The process is complete when the loss stops decreasing.
* This process is called Backpropagation.

pxm
parameters a
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GRADIENT DESCENT

- A search algorithm to find the max
(or min) of a function f(w,,...,w,)

- By starting at an arbitrary location
given by w,,..,w, it adjusts these
coordinates iteratively until the
extreme point is found

* The adjustments are in the direction
of the steepest slope

* The adjustment amount is called the
step size (or learning rate)

flbobs) |
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GRADIENT DESCENT

- The direction of the steepest slope
is given by the gradient vector of

S ...ow,)

* This is a column vector containing
the partial derivatives of f(w,,...,w,)

- The step size is found by trial and
error

‘ )CO starting
_ __point

AN
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GRADIENT DESCENT

The loss function for linear regression is

J(w) = Z(yi_.@i)Z

= 3 (i — (bo + bixy + - + byzy))?
=1

the partial derivatives are

0J(w) n

0[)0 = -2 ; (yl - (b() + [)1.’1)1 + -+ b})mp)> 1
0J (w) n

0b,, = 2 ; (yi — (bo+brx1 + -+ bpzp)) )

Using matrix notation VJ(w) = -2XT . (y —X-b)

y




GRADIENT DESCENT

The loss function for linear regression is

J(w) = Z(yi_.@i)Z

= 3 (i — (bo + bixy + - + byzy))?
=1

the partial derivatives are

0J(w) -
3ho = =2 Z (yi — (b +bixy + -+ byzp)) 1
i=1
0J (w) -
b = =2 Z (yi — (b() + bz + -+ bp.%’p)) Tp
p i=1
move to the
Using matrix notation VJ(w) = X' (y - X:-b) opposite direction
of the Gradient

y



GRADIENT DESCENT

import numpy as np

import pandas as pd

import matplotlib.pyplot as plt

from sklearn.linear model import LinearRegression

# Create a data set

n = 100

np.random.seed(42)

X 2*np.random.rand(n, 1) # U(0,1) obs
y =4 + 3 * X + np.random.randn(n, 1)

plt.plot(X, y, "k.")

plt.xlabel("$x 1$", fontsize=13)
plt.ylabel("$y$", rotation=0, fontsize=13)
plt.grid()
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GRADIENT DESCENT

# add column of ones # loss is the sum of squared errors

X b = np.c_[np.ones((n,1)), X] cost = np.dot(error.T,error)
X b[:5] cost
array([[1. , 0.749080247, array([[80.658436411)
[1. , 1.90142861], o o
(1. , 1.46398788], plt.plot(X,yhat, 'r )
plt.plot(X, y,"k.")
[1. , 1.19731697], plt.grid()
[1. , 0.31203728]1]) plt.show()
11 - .
bl = np.dot(X b.T,X b)
bl = np.linalg.inv(bl) apply 107
b2 = np.dot(X b.T,y) SLS | 9
beta = np.dot(bl,b2) S 8 -
beta 7
array([[4.21509616], 61
[2.77011339]]) 5 |
4
yhat = np.dot (X b,beta) find the I

error = y - yhat residuals 000 025 050 075 100 125 150 175 200



GRADIENT DESCENT

eta = 0.001

np.random.seed (1)
beta = np.random.randn(2,1)
print (beta[0],beta[l])

[1.62434536] [-0.61175641]

for i in range(999):
error = y - np.dot(X b,beta)
gradients = np.dot(X_b.T,error)
beta = beta + eta * gradients
cost np.dot(error.T,error)

step size

choose a

starting pt.

999 steps

VJ(w)

VJ(w) = -2X"-(y —éyj,)

A

U
S

error

|
gradient




GRADIENT DESCENT

eta = 0.001

np.random.seed (1)
beta = np.random.randn(2,1)
print (beta[0],beta[l])

[1.62434536] [-0.61175641]
for i in range(999):
error = y - np.dot(X b,beta)
gradients = np.dot(X_b.T,error)
beta = beta + eta * gradients
cost = np.dot(error.T,error)
beta
array([[4.21509617],
[2.77011338]1])

cost

array([[80.65845641]1])

step size

choose a
starting pt.

999 steps

VJ(w)

OLS with formula (X™X) XX y)

bl = np.dot(X b.T,X Db)
bl = np.linalg.inv(bl)
b2 = np.dot(X_b.T,y)

beta = np.dot(bl,b2)
beta

array([[4.21509616],
[2.77011339]])

# loss is the sum of squared errors
cost = np.dot(error.T,error)
cost

array([[80.65845641]])




GRADIENT DESCENT

eta = 0.001

np.random.seed(1)
beta = np.random.randn(2,1)
print (beta[0],beta[l])

[1.62434536] [-0.61175641]

for i in range(999):

error = y - np.dot(X_b,beta)
gradients = np.dot(X_b.T,error)
beta + eta * gradients
np.dot(error.T,error)

beta
cost

beta

array([[4.21509617],
[2.77011338]])

cost

array([[80.65845641]])

learning rate

VJ(w) = -2XT.(y-—X-b)
yhat = np.dot(X_b,beta)

plt.plot(X,yhat, 'r")
plt.plot(X, y,"k.")
plt.xlabel('x")
plt.ylabel('y")
plt.grid()
plt.show()
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