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OVERVIEW 

• Covariance, Correlation

• OLS vs. Regression model

• Regression formulas

• Example (sklearn, statsmodels)

• Confidence intervals vs. Prediction intervals
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COVARIANCE 

The covariance,    , is a non-standard measure on 
how strong is a linear relationship between two 
variables x and y

Covariance is a real number (it can be negative)

The correlation r is a standardized measure on 
how strong is a linear relationship between two 
variables x and y
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CORRELATION 

The correlation r is a standardized measure on how 
strong is a linear relationship between two variables

The coefficient of correlation r is in [–1, +1] always
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CORRELATION AND CORRELATION 

• Covariance shows if there is a linear 
relationship between two variables

• Correlation measures how strong it is
• None shows what is that relationship
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REGRESSION ANALYSIS 

• Regression analysis is useful to estimate the relationship 
between a response and a set of predictors

• That relation can be found by building a regression model

• It can be used to predict the value of the response

• Response variable : Y
• predictors               :  X1, X2, …, Xp
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REGRESSION ANALYSIS 

Two types of Linear Regression Models

• Simple linear regression (SLR)

• Multiple linear regression (MLR)
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OLS line 

Least Squares line
(OLS)
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scatterplot 

X

Y
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OLS line 

X and Y are related

X

Y
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OLS line 

What is the OLS line?
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OLS line 

• Closest Line to dataset
• Average linear relation between X and Y

X

Y
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OLS line 

• X, Y not random variables
• No statistics required 
• Not a regression line
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Regression line
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Regression Statistical Model

• Y is random variable

• X is not random

• Mean of Y changes with X

• There is a relationship between 
E[Y] and X
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Regression relation 

• This is an unknown relation

• We will try to estimate it from an 
OLS line
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Regression relation 

• This is an unknown relation

• We will try to estimate it from an 
OLS line

• Find OLS line from a dataset

OLS line

Regression line
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REGRESSION ASSUMPTIONS 

• At each value of X, say x,

     Y is a normal random variable

• with E[Y]  that changes with x

  E[Y] = β0 + β1x 

• There is one r.v. Y for each X

• All rvs Y have same variance s 2

 Y ~  N ( β0 + β1x , s 2)

• All Y variables are independent
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Regression relation 

• The regression line is

                E[Y] = β0 + β1x

 (not a random line)
Regression line
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Regression relation 

• The mean of Y changes with X

• The regression relation is 

between X (not random) and 

     the means (not random) 

• of many random variables Y
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Regression relation 

This is an unknown relation

0
2
4
6
8
10
12
14

-10 -5 0 5 10
X

True population line (unknown) E[Y] = β0 + β1x
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Regression relation 

This is an unknown relation

We will try to estimate it

from a random sample
 

0
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X

Estimated (least squares) line b0 + b1x 

True population line (unknown) E[Y] = β0 + β1x
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Regression assumptions 

Y1, Y2, ...,Yn  are random vars.

independent (independence)

normal   (normality)

with same variance 
  (constant variance)
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X

Estimated (least squares) line b0 + b1x 

True population line (unknown) E[Y] = β0 + β1x
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Residual Analysis
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Residual Analysis 

• To verify regression assumptions

• To identify outliers
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Residuals 

these differences 
are called residuals

OLS
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Residuals 

The OLS line minimizes the sum of the squared differences

between the points and the line…
these differences 

are called residuals

← OLS line 
expression
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Residuals 

X Y Yhat residual
1
2
.
.
.

N
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Residuals 

X Y Yhat residual
1
2
.
.
.

N

⌃



Cesar Acosta Ph.D.

Analytics

Residuals 

yhati

yi

X Y Yhat residual
1
2
.
.
.

N
Sum = 0

OLS
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Residuals 

yhati

yi

X Y Yhat residual
1
2
.
.
.

N
Sum = 0 residuals
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Simple linear Regression 

Finding OLS line



Cesar Acosta Ph.D.

Analytics

Finding OLS line 

e

y

x
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Finding OLS line 

Yhat values
are on the 
OLS line
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Finding OLS line 

All points on the OLS line
satisfy the following expression
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Finding OLS line 

OLS

OLS is the line 
resulting in 
the smallest SSE

e = Y - Yhat
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Finding OLS line (finding b0 and b1 ) 

.
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Finding OLS line 

.
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Finding OLS line 
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SIMPLE LINEAR REGRESSION

.
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SIMPLE LINEAR REGRESSION

.

Make the partial derivatives equal to zero:
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SIMPLE LINEAR REGRESSION

.

lets remove the parenthesis
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SIMPLE LINEAR REGRESSION

.

move some terms to the RHS
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SIMPLE LINEAR REGRESSION

    take  b0 and b1  out of the sums
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SIMPLE LINEAR REGRESSION
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SIMPLE LINEAR REGRESSION

solve for  b0 and b1 
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SIMPLE LINEAR REGRESSION

solve for  b0 and b1 
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SIMPLE LINEAR REGRESSION

solve for  b0 and b1 



Cesar Acosta Ph.D.

Analytics

Finding OLS line 

.recall the following matrices
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SIMPLE LINEAR REGRESSION

solve for  b0 and b1 
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SIMPLE LINEAR REGRESSION

solve for b

I
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SIMPLE LINEAR REGRESSION

solve for b
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Simple linear Regression (SLR) 

SLR Example using libraries
sklearn and statsmodels
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Simple linear Regression - Example

Predict price of used cars using the odometer reading
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Simple linear Regression - Example 

Predict price of used cars using the odometer reading

• sklearn     model m1
• statsmodels.formula.api  model m2
• statsmodels.api   model m3
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Simple linear Regression 

library sklearn
model m1
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Simple linear Regression - Example
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Simple linear Regression – Finding the correlation (response, predictor)

.

for sklearn 

Does it make sense to find the regression line?

pandas Series
pandas Series

This correlation is not small.
It makes sense to find the regression line
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Simple linear Regression – Finding the correlation (response, predictor)

.

for sklearn 

Does it make sense to find the regression line?

DataFrame

pandas Series
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.

Simple linear Regression – using sklearn to build model m1
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.

Simple linear Regression – using sklearn to build model m1

slope

slope



Cesar Acosta Ph.D.

Analytics

Simple linear Regression – using sklearn to build model m1

R2
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• model m1 explains 64.83% of price variability 
• 64.83% variability of car prices is explained by regression line

Simple linear Regression –  R-squared

R2
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Simple linear Regression – Prediction with sklearn

• Predict the Average Price of a used car with Odometer 40 miles 
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Simple linear Regression – Prediction

• Predict the Average Price of a used car with Odometer 40 miles 
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Simple linear Regression – y values are the vertical coordinates of data points

.

y
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Simple linear Regression – yhat values are the vertical coordinates to the OLS line

.

yhat

find yhat values for all points in the data set
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Simple linear Regression – Add yhat values to DataFrame

.
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Simple linear Regression – Plot OLS line on the scatterplot

.
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Simple linear Regression 

statsmodels.formula.api

model m2
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Simple linear Regression – 

.
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Simple linear Regression – statsmodels.formula.api to build model m2

.
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Simple linear Regression – statsmodels.formula.api to build model m2

.
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Simple linear Regression – statsmodels.formula.api

.



Cesar Acosta Ph.D.

Analytics

Simple linear Regression 

statsmodels.api

model m3
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Simple linear Regression – statsmodels.api to build model m3

.
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Simple linear Regression – statsmodels.api to build model m3

.
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Simple linear Regression – statsmodels.api to build model m3

.
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Simple linear Regression – statsmodels.api to build model m3

.
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Linear Regression 

ANOVA Table
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Simple linear Regression – ANOVA TABLE

.
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Simple linear Regression – ANOVA TABLE

      n - 2       SSE         MSE  =  SSE / (n-2)

SSE: Residuals Sum of squares
MSE: Mean Squared Error
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Linear Regression 

Confidence Interval
and

Prediction Interval
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Linear Regression 

Confidence Interval
Random interval that may contain the 
expected value of Y with probability (1-𝛼)

Prediction Interval
Random interval that may contain the 
value of Y with probability (1-𝛼)
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Linear Regression 

Confidence Interval
Random interval that may contain the 
expected value of Y with probability (1-𝛼)

Prediction Interval (wider)
Random interval that may contain the 
value of Y with probability (1-𝛼)



Cesar Acosta Ph.D.

Analytics

Linear Regression 

Confidence Interval
 

Prediction Interval  
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Linear Regression 

Confidence Interval
 

Prediction Interval  
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Linear Regression 

Use 
get_prediction( ) with model m3 
from statsmodels.api (sm) to get

• Confidence intervals (CI)
• Prediction intervals  (PI)
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Simple linear Regression – statsmodels.api model m3

.

← predicted prices
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Simple linear Regression – statsmodels.api model m3

.

Confidence Interval      Prediction Interval
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Simple linear Regression – DataFrame with all possible odometer values in (10,60)

.
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Simple linear Regression – Find Cis and PIs with model m3

.

Prediction    Confidence Interval      Prediction Interval
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Simple linear Regression – statsmodels.api to build model m3

.

store each column of d2.summary_frame in an object

Prediction    Confidence Interval      Prediction Interval
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Simple linear Regression – Plot with Intervals

.

scatterplot

←   regression line
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Simple linear Regression – Plot with Intervals

.

Confidence and
Prediction intervals

scatterplot

←   regression line
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Simple linear Regression – statsmodels.api to build model m3

.

Prediction Interval at x = 20

Confidence Interval at x = 50

OLS line
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Simple linear Regression – statsmodels.api to build model m3

.

Prediction Interval at x = 20

Confidence Interval at x = 50

Regression line (unknown) 
in this region

OLS line
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Simple linear Regression – statsmodels.api to build model m3

.

Prediction Interval at x = 20

Confidence Interval at x = 50

Regression line (unknown)

OLS line
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Simple linear Regression – statsmodels.api to build model m3

.

Prediction Interval at x = 20

Confidence Interval at x = 50

Regression line (unknown)

OLS line


