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OVERVIEW

• Norm of a vector
• Linear Regression Loss function
• Ridge and LASSO regression
• Example: Regression with regularization
• Logistic Regression Loss function
• Example: Logistic regression with regularization
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INTRODUCTION

Regression models with regularization

• Ridge regression  (L2 regularization)

• LASSO regression (L1 regularization)

• Elastic net regression
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Ridge and LASSO
Regression Models
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Linear Regression loss function (sum of squared errors) 

LOSS FUNCTION = COST FUNCTION

Find b0,…, bp 
that minimize SSE
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LOSS FUNCTIONS

Linear Regression loss function 

Ridge Regression loss function 

This term prevents 
large b1,…, bp 

penalty

Find b0,…, bp 
that minimize SSE
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Ridge Regression loss function

• a is the regularization parameter
• If a = 0 (no regularization)

RIDGE REGRESSION
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LASSO Regression model

loss function

• This loss function prevents large regression coefficients
• If a is large, some regression coefficients are equal to zero
•                   resulting in a model with less predictors

LASSO REGRESSION
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RIDGE AND LASSO LOSS FUNCTIONS

.
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Example
Baseball Players
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Shrinkage Methods

• The Hitters.csv file includes data about 
baseball players, such as their salary and 19 
player’s performance measures

• To predict the player’s salary we will fit 
regression models with regularization

• We start by removing all rows with missing 
values in column Salary
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Shrinkage Methods

• Fit 100 ridge regression models with  10-2 < a < 1010

• Show how the coefficients b1,b2…,b19 shrink when a increases
• Find the best value for a using

• holdout cross validation
• 5-fold cross validation

• Use the best a value to fit a ridge regression model 
• Compute the test MSE
• Repeat with LASSO regression
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Lasso Regression

.
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EXAMPLE – BASEBALL PLAYERS

.

first 16 columns
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EXAMPLE – BASEBALL PLAYERS

.

Y

last 15 columns
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EXAMPLE – BASEBALL PLAYERS

.
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EXAMPLE – BASEBALL PLAYERS

.
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EXAMPLE – BASEBALL PLAYERS

.
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EXAMPLE – BASEBALL PLAYERS

Lasso regression
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Lasso Regression

.
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Lasso Regression

.
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Lasso Regression

.
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Lasso Regression Coefficients

.

alpha
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Lasso Regression Coefficients

.

OLS (a = 0) overshrinkingalpha
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Lasso regression
-Holdout Cross Validation-
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Holdout cross validation with alpha known

.
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Holdout cross validation with alpha known

.
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Holdout Cross Validation searching for alpha
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Lasso Regression – Holdout Cross Validation searching for alpha

.
 .
 .

0.000000     116690.468566      OLS
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Lasso Regression – Holdout Cross Validation searching for alpha
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Lasso Regression – Plot for Validation MSE

alpha



Cesar Acosta Ph.D.

Analytics

Lasso Regression – Plot for Validation MSE

lasso regression 
coefficients

do not change 
in this alpha interval

alpha
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Lasso Regression – Plot for Validation MSE

77542.2

best a = 57.22 alpha
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Lasso Regression – Holdout Cross Validation searching for alpha

← Validation MSE

← Test MSE

← OLS Test MSE116690.0
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Lasso regression
- 5-fold Cross Validation -
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Lasso Regression 5-fold cross validation to find best alpha

.
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Lasso Regression 5-fold cross validation to find best alpha

.
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Lasso regression
- feature selection -
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Lasso Regression

.

best alpha

some lasso regression 
coefficients are equal to 0
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Lasso Regression Coefficients using best alpha

.

12 regression coeffs equal to zero

features selected by LASSO
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Comparison of Lasso and Ridge Regression coefficients

.

12 regression coeffs equal to zero No regression coeffs are equal to zero
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PREDICTION

.

Predicted Salary →

Actual Salary → 
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Shrinkage Methods

Logistic regression
with Regularization
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PROBABILITY FUNCTIONS

.

the joint probability function is
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LOSS FUNCTION

.
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LOSS FUNCTION

.

← loss function for 
logistic regression

to minimize
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.

CROSS ENTROPY LOSS FUNCTIONS

penalty
term
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LOGISTIC REGRESSION WITH REGULARIZATION - sklearn

sklearn includes regularization by means of argument C = 1/𝛼

default
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LOGISTIC REGRESSION WITH REGULARIZATION - sklearn

sklearn includes regularization by means of argument C = 1/𝛼

To do logistic regression with No Regularization, use C = 1e20 (which is 𝛼 ≅ 0)
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Logistic regression

Example
Cancer data
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Cancer Data - EXAMPLE

• The Cancer data from sklearn contains data from 569 patients.

• Build a Logistic Regression model to predict whether the tumor 
of a patient is malignant. 

• The data has 30 lab measurements associated with breast 
cancer tumors

• These measurements should help predict if the patient has 
cancer

• Use Cross validation to find the test accuracy rate
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Cancer Data

Y
30 measurements
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Logistic Regression - EXAMPLE

.

X  y
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Logistic Regression – SCALE predictors

.
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Logistic Regression – Holdout Cross Validation

.

scaling 
the data

not 
scaling 
the data
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Logistic Regression – Holdout Cross Validation

.

C = 1
is 
default
value

not 
scaling 
the data
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Logistic Regression – Holdout Cross Validation

.

C = 1e20
means 
𝛼 = 0
(no 
regularization)

not 
scaling 
the data
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.

Holdout Cross Validation – Search best C value
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.

Holdout Cross Validation – Search best C value
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.

Logistic Regression – Holdout Cross Validation – Search best C value
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.

Logistic Regression – Holdout Cross Validation – Search best C value

0.979

1.34

← largest accuracy rate

← best C value


